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Abstract. Let g' denote the class of finite groups, and let *p de- 
note the subclass consisting of groups of prime power order. We 
study group actions on topological spaces in which either (1) all 
stabilizers lie in or (2) all stabilizers lie in ^. We compare 
the classifying spaces for actions with stabilizers in ^ and the 
KrophoUer hierarchies built on ^ and *p, and group cohomology 
relative to ^ and to ^. In terms of standard notations, we show 
that ^ C Hi*p C Hid, with all inclusions proper; that = h^P; 
that dH*{G; -) = ^H*{G; -); and that EqjG is finite-dimensional 
if and only if Eg-G is finite-dimensional and every finite subgroup 
of G is in *p. 



1. Introduction 

Let JF denote a class of groups, by which we mean a collection of 
groups which is closed under isomorphism and taking subgroups. A 
G-CW-complex X is said to be a model for EjrG, the classifying space 
for actions of G with stabilizers in JF, if the fixed point set is con- 
tractible for H E and is empty for H ^ T . The most common classes 
considered are the class of trivial groups and the class 5^ consisting of 
all finite groups. In these cases E;fG is often denoted EG and EG re- 
spectively. Note that EG is the total space of the universal principal 
G-bundle, or equivalently the universal covering space of an Eilenberg- 
Mac Lane space for G. The space EG is called the classifying space for 
proper actions of G. Recently there has been much interest in finiteness 
conditions for the spaces EjfG, especially for EG. Milnor and Segal's 
constructions of EG both generalize easily to construct models for any 
E;irG, and one can show that any two models for EjrG are naturally 
equivariantly homotopy equivalent. 

For some purposes the structure of the fixed point sets for subgroups 
in T is irrelevant. For example, a group is in Kropholler's class HiJF 
if there is any finite-dimensional contractible G-CW-complex X with 
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all stabilizers in T . The class HiJF is the first stage of a hierarchy 
whose union is KrophoUer's class hJF of hierarchically decomposable 
groups [To]. (These definitions were first considered for the class of 
all finite groups, but work for any class JF.) 

A priori, the class HiJF may contain groups G that do not admit 
a finite-dimensional model for EjrG, and we shall give such examples 
in the case when = the class of groups of prime power order. 
By contrast, in the case when = 5^, no group G is known to lie 
in without also admitting a finite-dimensional model for EG. A 
construction due to Serre shows that every group G in Hi^J that is vir- 
tually torsion- free has a finite-dimensional EG [1], and the authors have 
given examples of G for which the minimal dimension of a contractible 
G-CW-complex is lower than the minimal dimension of a model for 
EG [H]- These examples G also have the property that they admit a 
contractible G-CW-complex with finitely many orbits of cells, but that 
they do not admit any model for EG with finitely many orbits of cells. 

Throughout this paper, will denote the class of finite groups, and ^ 
will denote the class of finite groups of prime power order. We compare 
the classifying space for G-actions with stabilizers in ^ with the more 
well-known EG, and we compare the Kropholler hierarchies built on 3^ 
and We show that a finite group G that is not of prime power order 
cannot admit a finite-dimensional E(pG, but that every finite group is 
in Hi^. We also construct a group that is in Hi^J but not in Hi^, and 
we show that h^P = h^^. 

In the final section we shall contrast this with cohomology relative 
to all finite subgroups. The relative cohomological dimension can be 
viewed as a generalisation of the virtual cohomological dimension, since 
for virtually torsion free groups these are equal, see [T7]. By a result of 
Bouc O [12] it follows that groups belonging to have finite relative 
cohomological dimension, but the converse it not known. In contrast to 
our results concerning classifying spaces, we show that cohomology rel- 
ative to subgroups in is naturally isomorphic to cohomology relative 
to subgroups in ^. 

2. Classifying spaces for actions with stabilizers in ^ 

Theorem 2.1. Let G he a finite group. Then G has a finite dimen- 
sional model for E«pG if and only if G has prime power order. 

Proof. If G has prime power order, then a single point may be taken 
as a model for EqsG. Now let G be an arbitrary finite group, let p be a 
prime dividing the order of G, and assume that there is a p-subgroup 
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P < G, such that Ng{P) is not a p-group. Then the Weyl- group 
WP = Ng{P)/P contains a subgroup H of order prime to p. Assume 
G has a finite dimensional model for E<pG, X say. Then the augmented 
cellular chain complex of the P-fixed point set, X^, is a finite length 
resolution of Z by free if-modules. This gives a contradiction, since Z 
has infinite projective dimension as an i7-module for any non-trivial 
finite group H. 

Therefore we may suppose that G is not in *P and for all non-trivial 
subgroups P G the normalizer Ng{P) is also in Now let N be 
a minimal normal subgroup of G. This cannot lie in *P and hence has 
the same properties as G. Thus, by minimality we may assume N = G 
and G is simple. 

Choose two distinct Sylow p-subgroups P and Q of G, such that 
their intersection, / say, is of maximal order, and assume that / is 
non-trivial. Now, the normalizers Np{I) and Nq{I) contain / as a 
proper subgroup. Also, the group {Np{I), Nq{I)) does not contain P 
and Q and neither does Ng{I) > {Np{I), Nq{I)), which is a p-group 
by assumption. Hence there exists a Sylow j9-subgroup R containing 
Ng{I) and P n P > Np{I). Thus |P n P| > |/| = |P n Q\, which 
contradicts the maximality of /. Therefore we may assume that in G 
all Sylow p-subgroups intersect trivially. In such a group we have, for 
P a Sylow p-subgroup: 

H*{G,¥,) = H*{P,¥,), 

see for example [H Theorem III. 10.3]. 

Any non-trivial p-group has non-trivial abelianization, and hence 
H^{P,¥p), which is naturally isomorphic to Hom(P, Fp), is non-trivial. 
But this implies that H^{G,¥p) ^ Rom{G,¥p) is non-trivial, and so 
G admits a surjective homomorphism to a group of order p. Since G 
is not in it follows that G cannot be simple, which gives the final 
contradiction. □ 

Remark 2.2. Yoav Segev pointed out that the above proof could be 
shortened by quoting the Frobenius normal p-complement theorem [71 
5.26]. 

Corollary 2.3. For a group G, the following are equivalent. 

(i) G admits a finite- dimensional EspG; 

(ii) Every finite subgroup of G is in ^ and G admits a finite- 
dimensional EG. □ 

Remark 2.4. We conclude the section with a remark on the type of 
EspG. It can proved analogously to Liick's proof for EG [15] that a 
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group G admits a finite type model for EqsG if and only if G has 
finitely many conjugacy classes of groups of prime power order and the 
Weyl-groups Ng{P)/P for all subgroups P of prime power order are 
finitely presented and of type FPoo- Hence any group admitting a finite 
type EG also admits a finite type EqjG. Recall that a finite extension 
of a group admitting a finite model for EG always has finitely many 
conjugacy classes of subgroups of prime power order [H IX. 13.2]. Hence 
the groups exhibited in [T^, Example 7.4] are groups admitting a finite 
type E(pG which do not admit a finite type EG. 

This behaviour is in stark contrast to that of EycG, the classifying 
space with virtually cyclic isotropy. Any group admitting a finite di- 
mensional model for EycG admits a finite dimensional model for EG, 
see |T6] and the converse also holds for a large class of groups including 
all polycyclic-by- finite and all hyperbolic groups [HI HBj . Furthermore, 
any group admitting a finite type model for EycG also admits a finite 
type model for EG j9], but it is conjectured [8] that any group admit- 
ting a finite model for Ey^G has to be virtually cyclic. This has been 
shown for a class of groups containing all hyperbolic groups [8] and for 
elementary amenable groups [9j. 



3. The hierarchies h^^^ and h<P 

Proposition 3.1. Let X be a finite dimensional contractible G-CW- 
complex such that all stabilizers are finite. If there is a bound on 
the orders of the stabilizers then there exists a finite dimensional con- 
tractible G-CW-complex Y and an equivariant map f : Y ^ X such 
that Y^ = if H is not a p-group. 

Proof. Using the equivariant form of the simplicial approximation theo- 
rem, we may assume that X is a simplicial G-CW-complex. To simplify 
notation the phrase 'G-space' shall mean 'simplicial G-CW-complex' 
and 'G-map' will mean 'G-equivariant simplicial map' throughout the 
rest of the proof. The space Y will be a G-space in this sense and the 
map f : Y X will be a G-map in this sense. The G-space Y is 
constructed in two stages. Firstly, for each finite H < G we build a 
finite-dimensional contractible if-space Yjj with the property that all 
simplex stabilizers in Yh lie in 

Suppose for now that each such i7-space Yh has been constructed. 
Using the G-equivariant form of the construction used in [TTl Section 
8] the space Y is constructed as follows. Let / be an indexing set for 
the G-orbits of vertices in X. For each i G /, let Vi be a representative 
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of the corresponding orbit, and let Hi be the stabihzer of Vi. Let 
denote the 0- skeleton of X. Define a G-space by 

and define a G-map f : Y^ ^ X^ by f{g,y) = g.Vi for all i & I, for 
all g ^ G and for all y G Yh^- For each vertex w of X, let Y{w) = 
f~^{w) C Y^. Each Y{w) is a contractible subspace of F", and the 
stabilizer of w acts on Y{w). 

Now for a = {wq, . . . , Wn) an n-simplex of X, define a space Y{a) as 
the join 

Y{a) = Y{wo) * Y{wi) Y{wn). 

Each vertex of Y{a) is already a vertex of one of the Y{wi), and so 
the map f : Y^ —>■ X^ defines a unique simplicial map / : Y{a) — > a. 
By construction, whenever r is a face of a, the space Y{t) is identified 
with a subspace of Y{a). This allows us to define Y and f : Y ^ X 
as the colimit over the simplices a of X of the subspaces Y{cr), and to 
define / : F — > X, which is a G-map of G-spaces. Since each Y{a) is 
contractible, it follows that / is a homotopy equivalence, and hence Y 
is also contractible (see [HI Corollary 8.6]). 

It remains to build the if-space Yh for each finite group H < G. In 
the case when G ^ we may take a single point to be Yh, and so we 
may suppose that if ^ ^. Fix such a subgroup H, and suppose that 
we are able to construct a finite-dimensional contractible if-space Zh 
in which each stabilizer is a proper subgroup of H . We may assume 
by induction that for each K < H we have already constructed the 
i^-space Yx- The if-space Y^ can now be constructed from Zh and 
the spaces Yk using a process similar to the construction of Y from X 
and the spaces Yh- It remains to construct the if-space Zh- 

An explicit construction of an if-space Zh with the required proper- 
ties is given in [13]. We therefore provide only a sketch of the argument. 
We may assume that H is not in Let S be the unit sphere in the 
reduced regular complex representation of H, so that S* is a topological 
space with if-action such that the stabilizer of every point of 5* is a 
proper subgroup of H. Since H is not in there are if-orbits in 5* of 
coprime lengths. Using this property, it can be shown that the sphere 
S admits an if-equivariant self- map g : S ^ S of degree zero. The 
if-space Zh is defined to be the infinite mapping telescope (suitably 
triangulated) of the map g- □ 



Corollary 3.2. // G is in and there is a bound on the orders of 
the finite subgroups of G, then G is in Hi*p. □ 
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Remark 3.3. In Proposition 13.11 the bound on the orders of the stabi- 
hzers of X is used only to give a bound on the dimensions of the spaces 
Yh- In Theorem 13.81 we shall show that Hi^^ ^ Hi*p. 

Remark 3.4. The construction in Proposition 13.11 does not preserve 
cocompactness, because for most finite groups H, the space used 
in the construction cannot be chosen to be finite. A result similar 
to Proposition 13.11 but preserving cocompactness can be obtained by 
replacing ^ by a larger class O of groups. Here O is defined to be 
the class of ^-by-cyclic-by- ^-groups. A theorem of Oliver [20] implies 
that any finite group H that is not in O admits a finite contractible 
-ff-CW-complex in which all stabilizers are proper subgroups of H. 
Applying the same argument as in the proof of Proposition 13. 11 one can 
show that given any contractible G-CW-complex X with all stabilizers 
in ^, there is a contractible G-CW-complex Y' with all stabilizers in O 
and a proper equivariant map f : Y' ^ X . (By proper, we mean that 
the inverse image of any compact subset of X is compact.) 

For X a G-CW-complex with stabilizers in ^, and p a prime, let 
-^sing(p) denote the subcomplex consisting of points whose stabilizer has 
order divisible by p. For G a group and p a prime, let Sp{G) denote 
the poset of non-trivial finite p-subgroups of G. 

Proposition 3.5. Suppose that X is a finite- dimensional contractible 
G -CW- complex with all stabilizers in For each prime p, the mod-p 
homology of X^in^^p) is isomorphic to the mod-p homology of the ( real- 
ization of the) poset Sp{G). 

Proof. Fix a prime p, and to simplify notation let S denote the real- 
ization of the poset Sp{G). For P a non-trivial p-subgroup of G, let 
X^ denote the points fixed by P, and let S>p denote the realization 
of the subposet of Sp{G) consisting of all p-subgroups that contain P. 
By the P. A. Smith theorem [3], each X^ is mod-p acyclic. Each S>p 
is contractible since it is equal to a cone with apex P. Let P and Q 
be p-subgroups of G, and let R = {P, Q), the subgroup of G generated 
by P and Q. If i? is a p-group then X^ fl X'^ = X^, and otherwise 
X^ n X'^ is empty. Similarly, S>p H S>q = S>ji if i? is a p-group and 
SypH S>Q is empty if R is not a p-group. 

Since each X^ is mod-p acyclic, the mod-p homology -f^*(Xsing(p)) 
is isomorphic to the mod-p homology of the nerve of the covering 
Xsing(p) = [jpX^. Similarly, the mod-p homology H^,{Sp{G)) is iso- 
morphic to the mod-p homology of the nerve of the covering Sp{G) = 
[JpS>p. By the remarks in the first paragraph, these two nerves are 
isomorphic. □ 
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Proposition 3.6. Let k be a finite field, and let G be the group of 
k-points of a reductive algebraic group over k, whose commutator sub- 
group has k-rank n. (For example, G = SLn+i{k), or GLn+i{k).) Any 
finite- dimensional contractible G-CW-complex with stabilizers in *P has 
dimension at least n. 

Proof. The hypotheses on G imply that G acts on a spherical build- 
ing A of dimension n — 1 [U [5], Appendix on algebraic groups] . Any 
such building is homotopy equivalent to a wedge of (n — l)-spheres. 
Quillen has shown that A is homotopy equivalent to the realization of 
Sp{G), where p is the characteristic of the field k |2ll Proposition 2.1 
and Theorem 3.1]. It follows that Sp{G) is homotopy equivalent to a 
wedge of {n — l)-spheres, and in particular the mod-p homology group 
Hn-i{Sp{G)) is non-zero. 

Now suppose that X is a finite-dimensional contractible G-CW- 
complex with stabilizers in Using Proposition 13.51 one sees that 
the mod-p homology group ifn-i(-^sing(p)) is non-zero. It follows that 
X must have dimension at least n. □ 

Remark 3.7. In |22| it is shown that if G is a finite simple group of Lie 
type, of Lie rank n, then any contractible G-CW-complex of dimension 
strictly less than n contains a point fixed by G. (Theorem 1 of [22] 
contains the additional hypothesis that the G-CW-complex should be 
finite, but this is not used in the proof.) A similar argument to that 
used in [22:, Theorem 2] was used in [13J to show that when G = 
SLn+i(J?p), every contractible G-CW-complex without a global fixed 
point has dimension at least n. Note that Proposition 13.61 applies in 
greater generality than these results. For example, the Conner-Floyd 
construction [B] shows that whenever the multiplicative group of k does 
not have prime-power order, there is, for any n > 1, a 4-dimensional 
contractible G/„(fc)-CW-complex without a global fixed point. 

Theorem 3.8. There are the following strict containments and equal- 
ities between classes of groups: 

(i) d C Hi^; 

(ii) Hi<P c 

(iii) = H<P. 

Proof. Corollary 13.21 shows that ^ C Hi^. The free product of two 
cyclic groups of prime order is in Hi*P and is not finite. The claim that 
= follows from the inequalities ^ C C Hi^, and the claim 
C Hi^^ follows from ^ C ^5^. 
It remains to exhibit a group G that is in but not in Hi*p. Let 
G = S'Loo(Fp), the direct limit of the groups G„ = SLn{¥p), where G„ 
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is included in Gn+i as the 'top corner'. As a countable locally- finite 
group, G acts with finite stabilizers on a tree. (Explicitly, the vertex set 
V and edge set E are both equal as G-sets to the disjoint union of the 
sets of cosets G/Gi U G/G2 U • • • , with the edge gGi joining the vertex 
gGi to the vertex gGi+i.) It follows that G G Hi^^^. By Proposition 13. 6[ 
G cannot be in Hi^. □ 

Remark 3.9. Let G be a group in that is also of type FPoo- By 
a result of Krop holler [10], there is a bound on the orders of finite 
subgroups of G, and Kropholler-Mislin show that G is in [TT] . 
Corollary 13.21 shows that G is in Hi^. 



4. COHOMOLOGY RELATIVE TO A CLASS OF GROUPS 

Let A denote a G-set, and let ZA denote the corresponding G- 
module. For 5 G A, we write Gs for the stabilizer of 6. A short 
exact sequence A ^ B G of G-modules is said to be A-split if and 
only if it splits as a sequence of G^-modules for each 5 G A. Equiva- 
lently, the sequence is A-split if and only if the following sequence of 
ZG-modules splits: A ZA ^ B ^ ZA ^ C ^ ZA [IS]. 

We say a G module is A-projective if it is a direct summand of a 
G-module of the form N ® ZA, where is an arbitrary G-module. 
A-projectives satisfy analogue properties to ordinary projectives. Fur- 
thermore, for each S, and each G^-module M, the induced module 
Ind^^M is A-projective. Given two G-sets Ai and A2 and a G-map 
Ai — i> A2 then A 1 -projectives are A2-projective and A2-split sequences 
are Ai-split. For more detail the reader is referred to [18j. 

Now suppose that is a class of groups closed under taking sub- 
groups. We consider G-sets A satisfying the following condition, for all 
H <G: 

(*) A^ ^ ^ H e 

There are G-maps between any two G-sets satisfying condition (*), and 
so we may define an jF-projective module to be a A-split module for any 
such A. Similarly, an jF-split exact sequence of G-modules is defined 
to be a A-split sequence. If A satisfies (*) and M is any G-module, 
the module M ZA is jF-projective and admits an jF-split surjection 
to M. This leads to a construction of homology relative to JF. An 
jF-projective resolution of a module M is an jF-split exact sequence 

>Pn+l^Pn^ . Po ^ M ^ 0, 
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where all Pi are jF-projective. Group cohomology relative to JF, de- 
noted J-'H*{G; N) can now be defined as the cohomology of the cochain 
complex Homc<(P,., A^), where is an jF-projective resolution of Z. 

We say that a module M is of type JFFP„ if M admits an JF- 
projective resolution in which P, is finitely generated for < i < n. It 
has been shown that modules of type JFFP„ are of type FP„ [18]. We 
will say that a group G is of type JFFP„ if the trivial G-module Z is of 
type ^FP„. 

We now specialize to the cases when JF = ^ and JF = 

Theorem 4.1. The following properties hold. 

(i) A short exact sequence of G-modules is ^-split if and only if it 
is ''^-split. 

(ii) A G module is "^-projective if and only if it is ^-projective. 

(iii) W\G,-)^^H\G,-) 

Proof: (i) It is obvious that any 5^-split sequence is ^-split, and the 
converse follows from a standard averaging argument. Let H be an 
arbitrary finite subgroup of G. Then \H\ = Y[i=i nPT where Pi are 
distinct primes and < G Z. For each i, let rij be the index rii = [H : 

IT 

Pi]. Now consider a ^-split surjection A B. Let cxj be a Pj-splitting 
of TT, and define a map Si by summing cTj over the cosets of Pj: 

t&H/Pi 

For each Pj we obtain a map Si : B ^ A., such that vr o Sj = rij x ids- 
There exist mj G Z so that Ylii^i^i = 1) ^.nd the map s = '^iUiiSi is 
the required if-splitting. 

(ii) It is obvious that a ^-projective module is ^^^-projective. Now let 
P be ^-projective. We may take a ^-split surjection M ^ P with M 
a ^-projective. By (i) this surjection is 5^-split, and hence split. Thus 
P is a direct summand of a ^-projective and so is ^-projective. 

(iii) now follows directly from (i) and (ii). □ 

Proposition 4.2. A group G is of type S^FPq if and only if G has only 
finitely many conjugacy classes of subgroups of prime power order. 

Proof: Suppose that G has only finitely many conjugacy classes of 
subgroups in Let / be a set of representatives for the conjugacy 
classes of ^-subgroups and set 

Ao = □ G/P 

Pel 
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This G-set satisfies condition (*) for *p and tfierefore tlie surjection 
ZAq ^ Z is ^-split and also ZAq is finitely generated. 

To prove the converse we consider an arbitrary ^-split surjection 
Pq ^ Z with Pq a finitely generated ^J-projective. As in [HI 6.1] we 
can show that Pq is a direct summand of a module 0^^^/ I^d^^P^, 
where A/ is a finite G-set, the Gs are finite groups and Ps are finitely 
generated G^-modules. Therefore we might assume from now on that 
Pq is of the above form. Since there is a G-map A/ ^ A, where A 

satisfies condition (*) the ^5^-split surjection Pq ^ Z is also A/-split 
|18j . Consider now the following commutative diagram: 

Po^--Z 

"(K I 

ZAf^Z 

That we can find such an a follows from the fact that e is Aj-split, 
and P exists since Pq is A/-projective being a direct sum of induced 
modules, induced from Gs, (5 G A/) to G. 

As a next step we'll show that is ^5^-split. Take an arbitrary finite 
subgroup H of G and show that ej splits when restricted to H. Since 
e is split by s, say, when restricted to H we can define the required 
splitting hj P o s. 

Now let P be an arbitrary p-subgroup of G. Since the module Z[G/P] 
is 5^-projective, there exists a G-map ip, such that the following diagram 
commutes: 

ZAf^^Z 
<p 

Z[G/P] — - Z 

The image ^p{P) of the identity coset P is a point of ZA fixed by 
the action of P. If H is any group and ZQ is any permutation module, 
then the if-fixed points are generated by the orbit sums H.u. Hence 
P must stabilize some point of Af, since otherwise we would have that 
p divides efip{P) = ea{P) = 1, a contradiction. It follows that P is a 
subgroup of Gs for some 6 E Af. □ 

Note that being of type S^FPq does not imply that there are finitely 
many conjugacy classes of finite subgroups. In fact, the authors have 
examples with infinitely many conjugacy classes of finite subgroups, 
see [H]. Nevertheless this gives rise to the following conjecture: 
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Conjecture 4.3. A group G is of type ^FF^o if o,nd only if G is of 
type FFao and has finitely many conjugacy classes of p-subgroups. 

It is shown in [18j that any G of type S^FPqo is of type FPqo, which 
together with Proposition 14.21 proves one imphcation in the above con- 
jecture. 
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